Quantum effects on multitime distributions and correlation functions of single objects, stemming from both the dynamics and repeated measurements, are calculated for a driven harmonic system using a superoperator generating functional formalism. Marked differences between multipoint observables associated with classical and quantum measurements are identified. The effects of quantum collapse and measurement resolution are discussed.
I. INTRODUCTION
Ideal classical measurements can be carried out without perturbing the system. Quantum measurements, in contrast, are accompanied by a wave function collapse associated with the loss of coherence ͓1͔. The distributions of outcomes of a series of classical measurements can be expressed in terms of joint probabilities of the unperturbed system and their moments-the equilibrium correlations functions. A quantum measurement, in contrast, is a nonequilibrium process which must affect the system. This difference clearly manifests itself when a series of measurements is conducted on a single-quantum object. Current interest in such measurements spans many areas, including quantum computing ͓2,3͔ which involves the controlled manipulation of coherence, decoherence between spatially separated objects ͑Schrödinger's cat͒ ͓4,5͔, and the stochastic description of quantum propagation ͓6͔. Recent spectroscopic and mechanical measurements on single-quantum objects ͑trapped ions, atoms, molecules, and quantum dots͒ had raised interest in the interpretation of multipoint quantities obtained from the observed stochastic trajectories ͓7-10͔. These include the response of mechanically driven single molecules ͓11͔ or photon counting statistics ͓12͔.
Some remarkable general relations have been discovered for the nonequilibrium thermodynamics of classical mesoscopic systems. Fluctuation theorems connect the probabilities for entropy-creating and entropy-absorbing paths ͓13-20͔; these distributions are closely connected to equilibrium free-energy differences through the Jarzynski relation ͓21,22͔. These relations have been verified experimentally ͓11,23-30͔, and extensions to the quantum domain were proposed ͓31-41͔.
In this paper we analyze the multitime distribution of a collective harmonic coordinate linearly coupled to a bath and compare classical measurements with von Neumann's wave function collapse associated with quantum measurements ͓1,42-46͔. Joint probability distributions and other statistical measures are calculated using a generating functional formalism.
Superoperators in Liouville space provide an intuitive description of quantum evolution and the measurement act, and allow a smooth transition to to the classical limit ͓47-50͔. The superoperator notation is introduced in Sec. II. Classical measurements are discussed in Sec. III. The statistics of possible outcomes is directly connected to various correlation and response functions. The generating functional is introduced and used to calculate generalized response functions and ordinary correlation and response functions for a Gaussian bath model ͓51͔. In the high-temperature limit, the joint probabilities of successive measurements are expressed in terms of the Green function solution of the Fokker-Planck equation ͓52,53͔. Quantum measurements introduced in Sec. IV cause dramatic effects which are sensitive to the resolution ͓54-56͔. The Gaussian distribution of classical measurements acquires long algebraic tails which reflect the change of the density matrix by the measurement. Finally in Sec. V we examine some global properties of repeated quantum and classical measurements.
II. MEASUREMENTS AND SUPEROPERATOR ALGEBRA
A quantum system is described by the density matrix ͑Q L , Q R ͒ where Q L ͑left͒ and Q R ͑right͒ represent the ket and bra coordinates, respectively. For a semiclassical interpretation it is convenient to switch to the classical Q + ϵ͑Q L + Q R ͒ / 2 and quantum Q − ϵ Q L − Q R variables. The classical picture is provided by the Wigner phase-space representation of the density matrix ͓57͔, defined by the Fourier transform with respect to Q − : defined through its action on another Hilbert space operator X:
where the right-hand side is a combination of products of two ordinary Hilbert space operators. To show the relation between the variable A + and superoperator Â + we provide the matrix representation in the eigenbasis of A. An operator A with a discrete spectrum can be spectrally decomposed in Hilbert space as
The eigenstates of A , n , form an orthogonal basis set in Hilbert space. The corresponding basis in Liouville space is ͉͗ n n Ј ͘͘ϵ͉ n ͗͘ n Ј ͉, and the density matrix can be represented as
Spectral decomposition of the superoperators Â + and Â − gives
Equation ͑5͒ connects to the coordinates Q + , Q − defined above. Â + involves a multiplication with a classical coordinate A + , and Â − involves multiplication by the coherence variable A − . In a similar way, multiplication by Q L ͑Q R ͒ defines superoperators acting from the left ͑right͒, Q L X ϵ QX͑Q R X ϵ XQ͒ ͓58͔. Liouville space allows the direct calculation of ensemble averages and provides a simpler description of the wave function collapse associated with the measurement. In addition, perturbation theories in Liouville space yield timeordered correlation functions whereas the perturbative expansion of the bra and ket in Hilbert space involves a combination of forward and backward time orderings.
A measurement is described by the projection superoperator Ŵ n :
͑ n Ј͒ denotes the density matrix right before ͑after͒ the measurement, in which the nth outcome was found. This general definition includes the classical measurement ͑Sec. III A͒, as well as the von Neumann measurement, and a broader class of less precise measurements ͑Sec. IV͒. This linear relation between the density matrices before and after the measurement immediately results in the following Liouville-space correlation function expression for the probability density function ͑PDF͒ P͑n͒ for observing n 1 at 1 , ... ,n N at N :
͑7͒
Ŵ n j H ͑ j ͒ are projection operators in the Heisenberg picture where all time evolution is carried by superoperators and ͗¯͘ stands for equilibrium averaging-e.g., ͗Â ͘ϵTr Â -with respect to the equilibrium density matrix . T is a time-ordering operator: when applied to a product of superoperators it rearranges them so that their time arguments increase from the right to the left. The sequence n = ͑n 1 , ... ,n N ͒, can be viewed as a stochastic trajectory in Liouville space.
The Liouville-space notation presented here will be applied in the following sections to describe the statistics of outcomes of a series of repeated classical or quantum measurements.
III. QUANTUM DYNAMICS WITH CLASSICAL MEASUREMENTS
We first study quantum effects in a series of repeated measurements when the system dynamics is treated quantum mechanically but the measurements are accounted for on a classical level. Classical measurements affect the system in the following mild way: The density matrix is changed by the information gained in the measurement ͑otherwise no correlation in repeated measurements would be observed͒. However, the final distribution obtained after all intermediate measurements are completed and summed over is the same as if no intermediate measurements have been performed.
A. Multitime classical measurements on quantum systems
We consider an externally driven system coupled to the driving force f͑t͒ through a collective coordinate Q and described by the Hamiltonian
where H represents the nondriven system ͑including bath variables͒.
To describe a classical measurement ͑with precision ͒ we simply take, in Eq. ͑6͒,
The measurement bins the value of q + , without affecting the conjugate q − coordinate ͓Fig 1͑a͔͒. Note that since ͚ n Ŵ n = 1 , the measurements do not alter the total density matrix; they simply bin it according to the possible outcomes. The → 0 ͑infinite precision͒ limit can be formally introduced without any difficulty. This is no longer the case for quantum measurements, as will be discussed below. We next introduce generalized response functions which represent both the correlation and response function in terms of time-ordered correlation functions of superoperators. The joint PDF of N successive measurements q ϵ͑q 1 , ... ,q n ͒ is obtained by combining Eqs. ͑7͒ and ͑9͒:
The average of n-time measurements is given by multipoint correlation functions defined as moments of this distribution function:
We next switch to the interaction picture defined by the following transformation of superoperators:
͑12͒
The formal solution of the Liouville equation
The average n-time measurement is given by
͑14͒
When the evolution superoperator is expanded perturbatively, the various contributions may be expressed in terms of generalized Liouville-space response functions n . .
where = + ; −. These Liouville-space correlation functions are combinations of n-point ordinary ͑Hilbert space͒ correlation functions
The Hilbert-space operator product in Eq. ͑16͒ is not time ordered since it involves a positively ͑negatively͒ ordered product for the ket ͑bra͒. For example, the two-point func- 
B. Generating superoperator functional
We now show how the physical quantities defined in the previous section may be calculated using a classical generating functional. We start by introducing the following equation of motion in the interaction picture:
This is a generalization of Eq. ͑13͒ to include a new field J + conjugated to Q + . The generating functional is defined as the equilibrium average of the solution of Eq. ͑17͒:
͑18͒
The generalized response functions, Eq. ͑15͒, can be obtained by functional derivatives of S:
͑a͒ Binning the density matrix in a classical measurement. Each stripe defines a region where the classical coordinate ͑Q + ͒ is assumed constant ͑with ⑀ resolution͒. Considering the normalization condition
the value on the left-up-to-right-down diagonal shows the probability to measure the value q, while the off-diagonal elements describe the phase relation ͑entanglement͒. ͑b͒ Following a quantum measurement the density matrix reflects von Neumann's collapse of the wave function. The solid squares denote the part unaffected by the measurement, while the remaining part is discarded. is the resolution of measurement. The density matrix becomes block diagonal. n . .
.
͑19͒
Nonequilibrium correlation functions ͓Eq. ͑11͔͒ are calculated by setting J + = 0 and keeping the driving force f:
͑20͒
The joint probability density ͓Eq. ͑10͔͒ may then be calculated using the integral form of the ␦ function:
͑21͒
The term that contains Q − ͑͒ accounts for the effects of the driving force on the system dynamics. The PDF for a stochastic ͑continuous͒ trajectory q͑͒ can be represented in a path-integral form where the integrand is expressed in terms of a Liouville-space correlation function:
is a natural generalization of Eq. ͑21͒: The path integral over the functions p͑͒ constitutes a Fouriertransform representation of the functional ␦ function that collapses the classical coordinate trajectory Q + ͑͒ to the stochastic ͑observed͒ trajectory q͑͒.
C. Application to a driven harmonic system
We assume a harmonic oscillator Q coupled to a harmonic bath with coordinates q j and described by the Hamiltonian
͑23͒
The oscillator is further driven by an external force ͓Eq. ͑8͔͒. Q may be viewed as a collective coordinate given by a linear combination of the normal modes of H ͓39͔. This model is exactly solvable; all relevant information is contained in the spectral density C͑͒ of the collective coordinate which determines the two-point Liouville-space correlation functions G + ͑t͒ and iបG − ͑t͒ of the free ͑nondriven͒ system:
͑24͒
Here,
is the spectral density ͓51,60,61͔, where T is the temperature,
and ⌺ is related to ␥ by the Kramers-Kronig relation
results in the fluctuation-dissipation theorem
where
The exact generating functional ͓Eq. ͑18͔͒ is obtained by the second-order cumulant expansion:
͑29͒
To describe discrete measurements performed at times j we take
͑30͒
We further denote:
and introduce the variables
The correlation function may be computed using Eq. ͑20͒:
Combining Eqs. ͑21͒, ͑18͒, and ͑29͒ we get, for the joint probability distributions,
͑33͒
The driving force simply shifts the center of the Gaussian profile.
We next discuss the force-free case. Equation ͑33͒ holds for an arbitrary spectral density and temperature. Quantum effects ͑and ប͒ enter only through the fluctuation-dissipation relation, Eq. ͑28͒. Generally this is a Gaussian nonMarkovian process. However, in the overdamped ͑␥ ӷ⍀͒ high-temperature limit, the distribution of Q satisfies a Markovian master equation known as the Smoluchowski equation ͑see Appendixes A and B͒ ͓53͔. Equation ͑33͒ then simplifies considerably and may be factorized as
are the transition probabilities and
is the initial canonical distribution.
IV. DISTRIBUTIONS OF REPEATED QUANTUM MEASUREMENTS
In contrast to the classical measurements treated so far, repeated quantum measurements strongly affects the system and the final distributions are substantially altered even after summing over all possible intermediate measurement outcomes. This implies that an observer that does measurements can figure out whether someone has been performing measurements on the system at some earlier times.
According to von Neumann's principle ͓1͔, a strong measurement collapses the wave function. In Liouville space this involves the collapse of both the left Q L and right Q R components ͑or equivalently Q + and Q − ͒. Since Q − is conjugated to the momentum, measuring the coordinate affects not only the particle coordinate, but its momentum as well, as expected from the Heisenberg principle. In contrast a classical coordinate measurement only bins the classical coordinate Q + but does not affect the quantum variable Q − .
The effect of measurement is described by a projection operator for the particular outcome Ŵ n . Assuming that the measured quantity is associated with an operator with a discrete spectrum ͓Eq. ͑3͔͒ we get
We define a superoperator Ŵ ϵ ͚ n Ŵ n a n = ͚ n ͉ n n ͗͘ n n ͉a n , which plays a similar role to Â + in the classical measurement. The correlation function for an n-point measurement is given by
ϵ ͗TŴ ͑t n ͒Û ͑t n ,t n−1 ͒¯Û ͑t 2 ,t 1 ͒Ŵ ͑t 1 ͒Û ͑t 1 ,t 0 ͒͘. ͑37͒
In analogy with the classical case ͓Eq. ͑18͔͒, we introduce the generating functional
͑38͒
The correlation function is finally given by
͑39͒
The measurement of an observable with a continuous spectrum requires the introduction of a finite error bar . A precise measurement ͑⑀ → 0͒ is not properly defined in the quantum case. We introduce a generalized von Neumann picture of a measurement by considering a set M of outcomes and associating a set of measured values q n for n M. The measurement effect on the system is described by a set of functions ͕ n ͖ nM of the collective coordinate Q that satisfy the property of the unit decomposition which guarantees that the total probability is conserved:
The effect of a measurement with an outcome n M on the wave function ͉⌿͘ is given by the action of the operator n ͓multiplication by n ͑Q͒ followed by a proper normalization͔, whereas the outcome probability P͑n͒ = ͗⌿͉ n † n ͉⌿͘ is given by the aforementioned norm. The wave function ͉⌿ n Ј͘ after the measurement is given by
͑41͒
These can be recast using the density matrix:
The measurement outcomes at times 1 , ... , N are given by the Liouville-space correlation function expression for the PDF P͑n͒ of the stochastic trajectory n = ͑n 1 , ... ,n N ͒:
The von Neumann prescription corresponds to the following special choice of the collapsing functions ͓Fig. 1͑b͔͒: M = Z, q n = n, n ͑Q͒ = 1 for Q ͓− /2 + q n ,/2 + q n ͔ = 0 otherwise. ͑44͒
In contrast to classical measurements, the total density matrix is changed by the measurement since ͚ n Ŵ n 1 .
We start with the microscopic expression for P͑n ; f͒:
Substituting the von Neumann measurement, Eq. ͑44͒, gives P ͑n;f͒ = ͟ j=1 N ͵ dp Lj dp Rj
where we have introduced the variables
and the auxiliary function
F describes the momentum uncertainty introduced by a measurement of the coordinate with precision . For our harmonic model, Eq. ͑23͒, P can be calculated using the second-order cumulant expansion:
N ͵ dp Lj dp Rj
͑47͒
We next consider possible generalizations of the von Neumann measurement for a nondriven system ͑f =0͒:
with X͑q − ,q + ͒ = ͵ dp + dp − ͑2͒
The PDF P͑q͒ for the classical measurement of a stochastic trajectory q = ͑q 1 , ... ,q N ͒ can be obtained from Eq. ͑48͒ by substituting W q ͑q − , q + ͒ = ␦͑q + − q͒:
This agrees with Eq. ͑33͒ for f =0. An integral coordinate representation for the PDF is obtained by performing the momentum integrations in Eq. ͑48͒, which gives
and the matrices defined as
We note that applying the von Neumann measurement and integrating over q 1+ and q 2+ leads to a continuous function of q 1− with discontinuous jumps of the first derivative at q 1− = 0 and q 1− = 1 / ͱ 2 ͑note that in the semiclassical limit the second jump is negligible compared to the first͒. This gives the asymptotic form P͑n 1 , n 2 ͒ϳ͑n 2 ͒ −2 . Computing the first derivative jump at q 1− yields the following asymptotic expressions for large n 1 and n 2 :
Equation ͑53͒ may be integrated numerically. For a von Neumann measurement ͓Eq. ͑44͔͒ the q 2+ integration may be performed analytically. Alternatively, we can perform the integrations over p j+ in Eq. ͑47͒ using F ͑p L ͒F ͑p R ͒ =2͓cos͑p − /2͒ − cos͑p + ͔͒ / ͓p + 2 − p − 2 /4͔ and dp Lj dp Rj = dp j+ dp j− and
This gives
ϱ dp 2− dp 1− sin͑p 2− /2͒
was calculated using the overdamped Brownian oscillator Green functions ͓Eqs. ͑B3͒ and ͑B4͔͒ and setting f = 0. The effect of the force is a simple shift of the q 2 variable ͓Eq. ͑55͔͒. In the left column of Fig. 2 we show the time evolution of the PDF following a quantum measurement when the effect of quantum collapse is not strong ͑large ͒. We see gradual equilibration: shortly after the measurement ͑top panel͒ the particle is still near its previously measured position and the density is localized along q 1 = q 2 . With increasing time delay ͑from top to bottom͒ the memory of the initial state is erased, and for ⌳t ӷ 1 the equilibration is complete and we have P͑q 1 , q 2 , ͒ = P͑q 1 , ͒P͑q 2 , ͒. In the middle column, the first measurement is made with a higher precision and the effect of quantum collapse is more pronounced. A precise measurement induces an uncertainty in the momentum, and the particle has a large probability to be found at long distances in the second measurement. In the right column the precision is increased further. Due to the very large uncertainty in momentum introduced by the first measurement, the position becomes uncorrelated with the first measurement after a very short time.
We have further examined the long tails of the probability to find the particle at long distances in the second measurement. The three panels of Fig. 3 show the density for the second measurement ͑starting at the center q 1 =0͒ for the three precisions used in Fig. 2 . The log-log plots confirm the 1/q 2 2 behavior of Eq. ͑54͒. This power-law envelope is modulated by oscillations ͑middle panel͒ whose magnitude increases as is decreased ͑higher precision, lower panel͒. These oscillations result from the coherent motion induced by the precise measurement.
V. GLOBAL ANALYSIS OF QUANTUM MEASUREMENTS
An additional insight into the effect of multitime measurements is obtained by examination of the collective multitime variable:
where is the time between successive measurements and Z is an arbitrary smooth function of time. For a given trajectory n this yields
The PDF of Z is
P͑n ; f͒ is the probability of measuring n in the driven system, and S͑͒ is the generating function for P͑Z ͒.
For classical measurements we can take the continuous measurement limit → 0 in Eq. ͑56͒ and set Z = ͐Z͑͒Q͑͒d. The PDF can be then represented in a pathintegral form where integration runs over stochastic trajectories q͑͒ obtained as a result of continuous measurements of the collective coordinate. Substituting J + ͑͒ = Z͑͒ in Eq. ͑18͒ we obtain 
Using Eq. ͑29͒ we get
shows that the distribution profile of Z is Gaussian:
We note two important differences between repeated quantum and classical measurements. ͑i͒ The limiting case of infinitely short intervals between successive measurements is not physically meaningful for the quantum case. ͑ii͒ The loss of coherence in the quantum measurement implies that the choice of measured quantity affects the overall dynamics of the system. Substituting Eq. ͑45͒ into Eq. ͑57͒, making use of Eq. ͑56͒, and performing the summation over n j by applying the relation
leads to the following integral representation of the generating functional:
For the harmonic model we use Eq. ͑29͒ and get
͑62͒
The p j integrations in Eq. ͑62͒ can be performed, resulting in
where we have introduced the auxiliary function
F ͑2͒ ͑x , k͒ is a joint phase-space ͑coordinate and momentum͒ distribution associated with the uncertainty of the measurement. Equation ͑63͒ may be used to develop semiclassical approximations.
VI. DISCUSSION
We have analyzed the distributions of repeated measurements on a driven quantum system coupled to a harmonic bath. The superoperator formulation of wave function collapse allows the generalization of von Neumann's prescription for the measurement. Multipoint classical correlation functions are moments of the joint distribution functions and as such are most suitable for the interpretation of experiments. An ideal classical measurement does not influence the system: We found Gaussian probability densities for a driven harmonic system, and the Fokker-Planck equation is recovered in the high-temperature limit.
Quantum measurements, in contrast, induce dramatic effects. Measurements of dynamical variables, such as the coordinate, introduce a broad distribution of the conjugate momentum variables; the more precise the measurement, the broader the distribution. A very precise measurement prohibits the prediction of the outcome of the next measurement even for short time delays, causing long algebraic tails of the distribution functions.
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APPENDIX A: MARKOVIAN DYNAMICS-THE SMOLUCHOWSKI EQUATION
Markovian master equations can be derived from the Liouville equation ͑13͒ in the high-temperature limit. In this appendix the PDF of joint measurements is calculated using the Smoluchowski equation ͓53͔. We start with the FokkerPlank equation ͓52͔ ‫͑ץ‬Q L ;Q R ;t͒ ‫ץ‬t 
͑A5͒
Taking the time variable in Eq. ͑A5͒ to be the interval between successive measurements for g͑q j ; q j+1 ͒ → t = t j+1 − t j we get Eq. ͑35͒. In the long-time limit, the equilibrium Gaussian distribution, Eq. ͑36͒, is reached irrespective of the initial state. The joint distribution of the repeated measurements can be computed using Eq. ͑34͒.
APPENDIX B: MARKOVIAN DYNAMICS-HIGH TEMPERATURE LIMIT OF THE OVERDAMPED BROWNIAN OSCILLATOR

